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Abstract
We study the long-time behavior of solutions of semilinear parabolic equation of the following type
∂tu−u+a0(x)uq = 0 where a0(x) d0 exp(−ω(|x|)|x|2 ), d0 > 0, 1 > q > 0, and ω is a positive continuous
radial function. We give a Dini-like condition on the function ω by two different methods which implies
that any solution of the above equation vanishes in a finite time. The first one is a variant of a local energy
method and the second one is derived from semi-classical limits of some Schrödinger operators.
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1. Introduction
Let Ω ⊂RN , N  1, be a bounded domain with C1-boundary, 0 ∈ Ω . The aim of this paper is
to investigate the time vanishing properties of generalized (energy) solutions of initial–boundary
problem to a wide class of quasilinear parabolic equations with the model representative:
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ut −u+ a0(x)|u|q−1u = 0 in Ω × (0,∞),
∂u
∂n
= 0 on ∂Ω × (0,∞),
u(x,0) = u0(x) on Ω,
(1.1)
where 0 < q < 1, a0(x)  0 and u0 ∈ L2(Ω). It is easy to see that if a0(x)  ε > 0, then the
comparison with the solution of corresponding ordinary equation ϕt + ε|ϕ|q−1ϕ = 0 implies
that the solution u(x, t) of (1.1) vanishes for t  T0 = ε−1(1 − q)−1‖u0‖1−qL∞ . The property that
any solution of problem (1.1) becomes identically zero for t large enough is called the time
compact support property (TCS-property). On the opposite, if a0(x) ≡ 0 for any x from some
connected open subset ω ⊂ Ω , then any solution u(x, t) of problem (1.1) is bounded from below
by σ exp(−tλω)ϕω(x) on ω × (0,∞), where σ = ess infω u0 > 0, λω and ϕω are first eigenvalue
and corresponding eigenfunction of − in W 1,20 (ω). It was Kondratiev and Véron [1] who first
proposed a method of investigation of conditions of appearance of TCS-property in the case of





(|∇ψ |2 + 2na0(x)ψ2)dx: ψ ∈ W 1,2(Ω), ∫
Ω
ψ2 dx = 1
}
, n ∈N, (1.2)
and proved that, if
∞∑
n=0
μ−1n ln(μn) < ∞, (1.3)
then (1.1) possesses the TCS-property. Starting from condition (1.3) in [2] an explicit conditions
of appearance of TCS-property in terms of potential a0(x) was obtained. The analysis in [2] was
based on the so-called semi-classical analysis [9], which uses sharp estimates of the spectrum of






:= a(|x|) ∀x ∈ Ω, d0 > 0, (1.4)
the following statements was obtained in [2]:
Proposition 1.1. (See [2, Theorem 4.5].) In Eq. (1.1) let a0(x) = a(|x|), where a(r) is defined by
(1.4). Let u0(x) ν > 0 ∀x ⊆ Ω and ω(r) → ∞ as r → 0. Then arbitrary solution u of problem
(1.1) never vanishes on Ω .
Proposition 1.2. (See [2, Corollary of Theorem 3.1].) If in assumption (1.4) a0(x) = a(|x|) and
ω(r) = rα with 0 < α < 2 then an arbitrary solution of (1.1) enjoys the TCS-property.
Thus, an open problem is to find sharp border which distinguish two different decay properties
of solutions, described in Propositions 1.1 and 1.2. Moreover, the method of investigations used
in [1,2] exploits essentially some regularity properties of solutions under consideration, particu-
larly, sharp upper estimates of ‖u(x, t)‖L∞(Ω) with respect to t . Such an estimate is difficult to
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it is absolutely impossible to have any information about such a behavior for higher order par-
abolic equations. We propose here some new energy method of investigations, which deals with
energy norms of solutions u(x, t) only and, therefore, may be applied, particularly, for higher
order equations, too.
We suppose that function ω(s) from condition (1.4) satisfies the conditions:
(A1) ω(r) is continuous and nondecreasing function ∀r  0,
(A2) ω(0) = 0, ω(r) > 0 ∀r > 0,
(A3) ω(s) ω0 < ∞ ∀s ∈R1+.
Our main result reads as follows:
Theorem 1.1. Let u0(x) be an arbitrary function from L2(B1), let function ω(r) from (1.4) satisfy





ds < ∞ (Dini-like condition). (1.5)
Suppose also that ω(r) satisfies the following technical condition:
sω′(s)
ω(s)
 2 − δ ∀s ∈ (0, s0), s0 > 0, 2 > δ > 0. (1.6)
Then an arbitrary energy solution u(x, t) of the problem (1.1) vanishes on Ω in some finite time
T < ∞.
In the sequel of the paper we show that the sufficiency of the Dini condition (1.5) for the
validity of TCS-property can be proved also by the methods from [1,2] if one uses L∞ estimates
of solution u(x, t) of problem (1.1). This leads to the following result.
Proposition 1.3. The assertion of Theorem 1.1 holds if the function ω(s) satisfies conditions
(A1)–(A3), the Dini condition (1.5) and the following similar to (1.6) technical conditions:
ω(s) s2−δ ∀s ∈ (0, s0), s0 > 0, 2 > δ > 0, (1.7)
the function ω(s)
s2
is decreasing on (0, s0). (1.8)
Remark 1.1. It is easy to check that the function ω(s) = (ln s−1)−β satisfies all the conditions
of Theorem 1.1 and Proposition 1.3 for arbitrary β > 1.
2. The proof of main result
The proof of Theorem 1.1 is based on some variant of the local energy method, which was
developed, particularly in [3,4]. First, we introduce the following families of subdomains:
Ω(τ) = Ω ∩ {|x| > τ}, Q(T )s (τ ) = Ω(τ)× (s, T ), T < ∞.
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∂u
∂t
∈ L2(0, T ; (W 12 (Ω))∗), u(x,0) = u0, satisfying the following integral identity:
T∫
0






a0(x)|u|q−1uϕ dx dt = 0 (2.1)
for arbitrary ϕ ∈ L2(0, T ;W 12 (Ω)) ∀T < ∞.
Lemma 2.1. An arbitrary energy solution u of the problem (1.1) satisfies the following global
a priori estimate∫
Ω




(|∇xu|2 + a(|x|)|u|q+1)dx dt  ∫
Ω
|u0|2 dx := y0, ∀tˆ > 0. (2.2)
Testing integral identity (2.1) by ϕ(x, t) = u(x, t)ξ(x), where ξ(x) is arbitrary C1-function,




∣∣u(x, tˆ )∣∣2ξ dx + ∫
Ω×(s,tˆ)
(|∇xu|2ξ + (∇xu,∇xξ)u)dx dt + ∫
Ω×(s,tˆ)




∣∣u(x, s)∣∣2ξ dx, 0 s < tˆ < ∞. (2.3)
Let η(r) ∈ C1(R1) be such that 0 η(r) 1 ∀r ∈ R1, η(r) = 0 if r  0, η(r) = 1 if r > 1. Fix
arbitrary numbers τ > 0, ν > 0 and test (2.3) by
ξ(x) = ξτ,ν























dσ dt ∀tˆ : s < tˆ < ∞. (2.4)
From (2.4) with τ = 0, s = 0 the necessary global estimate (2.2) follows. Further we will denote
by c, ci different positive constants which depend on known parameters of the problem (1.1)
only. Let us introduce the energy functions related to a fixed energy solution u of problem (1.1):
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∫
Ω(τ)




(|∇xu|2 + a(|x|)|u|q+1)dx dt,
E(t, τ ) =
∫
Ω(τ)
(∣∣∇xu(x, t)∣∣2 + a(|x|)∣∣u(x, t)∣∣q+1)dx,





|∇xu|2 dx dt. (2.5)
Lemma 2.2. Energy functions (2.5) related to arbitrary solution u of problem (1.1) satisfy the
following relationship:
H(T , τ)+ I (T )s (τ ) ca(τ)−
2(1−θ2)





q+1 E(s, τ )
2





2−(1−θ1)(1−q) J (T )s (τ )
2
2−(1−θ1)(1−q) ,
0 < θ1 = (q + 1)+ n(1 − q)2(q + 1)+ n(1 − q) < 1, θ2 =
n(1 − q)
2(q + 1)+ n(1 − q) . (2.6)


















q+1 ∀τ > 0, θ1 is from (2.6). (2.7)






















































From condition (1.6) the monotonicity of function a(s) from (1.4) follows easily. Therefore we








































(|∇xu|2 + a(|x|)|u|q+1)dx dt

















|∇xu|2 dσ dt (2.10)
with arbitrary v: s < v  T . Let us fix now v = v¯ = v¯(τ, s) such that the following inequality
holds: ∫
Ω(τ)




∣∣u(x, t)∣∣2 dx. (2.11)
Inserting inequality (2.10) with v = v¯ into (2.4) with tˆ = v¯ and fixing “ε” small enough we have
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(1−q)(1−θ1)
2 J (v¯)s (τ )
+ ca(τ)−1H(v¯, τ ) 1−q2 J (v¯)s (τ ), (2.12)
where J (v)s (τ ) is from (2.5). Using the Young inequality again we deduce from (2.12)




J (v¯)s (τ )
) 2
2−(1−θ1)(1−q)
+ ca(τ)− 21+q (J (v¯)s (τ )) 21+q . (2.13)





|u||∇xu|dσ dt  εI (T )s (τ )+ c(ε)a(τ )−(1−θ1)H(v¯, τ )
(1−q)(1−θ1)
2 J (T )s (τ )
+ c(ε)a(τ )−1H(v¯, τ ) 1−q2 J (T )s (τ ). (2.14)
By tˆ = T it follows from (2.4) due to (2.14) with ε = 12
H(T , τ)+ I (T )s (τ )H(s, τ )+ ca(τ)−(1−θ1)H(v¯, τ )
(1−q)(1−θ)
2 J (T )s (τ )
+ ca(τ)−1H(v¯, τ ) 1−q2 J (T )s (τ ). (2.15)
From (2.13) we have




J (v¯)s (τ )
) 2ν
2−(1−θ1)(1−q)
+ ca(τ)− 2ν1+q (J (v¯)s (τ )) 2ν1+q ∀ν > 0. (2.16)
Using this estimate with ν1 = (1−q)(1−θ1)2 and ν2 = 1−q2 from (2.15) we deduce that
H(T , τ)+ I (T )s (τ )H(s, τ )+ ca(τ)−(1−θ1)H(s, τ )ν1J (T )s (τ )
+ ca(τ)−1H(s, τ )ν2J (T )s (τ )+ ca(τ)−(1−θ1)(1+
2ν1
2−(1−θ1)(1−q) )











J (T )s (τ )
)1+ 2ν21+q . (2.17)
Using the Young inequality we infer from (2.17)











J (T )s (τ )
) 2
2−(1−θ1)(1−q) . (2.18)
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Gagliardo–Nirenberg interpolation inequality we have
∫
Ω(τ)
∣∣u(x, s)∣∣2 dx  d3( ∫
Ω(τ)






∣∣u(x, s)∣∣q+1dx) 2q+1 , θ2 is from (2.6), (2.19)
and constants d3 > 0, d4 > 0 do not depend on τ as τ → 0. Taking into account the monotonicity
























(|∇xu|2 + a(|x|)∣∣u(x, s)∣∣q+1)dx( ∫
Ω(τ)







(|x|)∣∣u(x, s)∣∣q+1 dx) 2q+1 .
Estimating the first term in the right-hand side by the Young inequality with “ε,” we have
∫
Ω(τ)












(|∇xu|2 + a(|x|)∣∣u(x, s)∣∣q+1)dx) 22−(1−θ2)(1−q) .
(2.20)
Using (2.20) in (2.18) we obtain the required (2.6).
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s(τ ) = τ 4ω(τ)−1, (2.21)
where ω(τ) > 0 is from (1.2). Define the energy function
y(τ) = I (T )s(τ )(τ ), where I (T )s (τ ) is from (2.5). (2.22)
Lemma 2.3. The energy function y(τ) from (2.22) is the solution of the following Cauchy prob-









∀τ > 0, (2.23)
y(0) y0, y0 is from (2.2), (2.24)
where
ψ0(τ ) = a(τ)s′(τ ), ψ1(τ ) = a(τ)1−θ1 , ψ2(τ ) = a(τ)1−θ2s′(τ ),
λ0 = 1 − q1 + q > λ2 =
(1 − θ2)(1 − q)
2 − (1 − θ2)(1 − q) > λ1 =
(1 − θ1)(1 − q)
2 − (1 − θ1)(1 − q) > 0.














(∣∣∇xu(x, s(τ ))∣∣2 + a(|x|)∣∣u(x, s(τ ))∣∣q+1)dx. (2.25)










s(τ )(τ ), (2.26)
∫
Ω(τ)
(∣∣∇xu(x, s(τ ))∣∣2 + a(|x|)∣∣u(x, s(τ ))∣∣q+1)dx






Inserting these estimates in (2.6) and using additionally that s′(τ ) → 0 as τ → 0 after simple
calculations we obtain ODI (2.23) and the initial condition (2.24).
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(2.24). We have to prove the existence of a continuous function τ¯ = τ¯ (y0) such that y(τ) 0 for
arbitrary τ  τ¯ (y0). Moreover, we have to find the sharp upper estimate for the function τ¯ (y) as
y → 0. It is related to the optimal choice of the function s(τ ), defined by (2.21). Consider the
following auxiliary Cauchy problem:







, Y (0) = y0 > 0, (2.28)
where c0 > 0 is from (2.23). It is easy to check the following comparison property:
y(τ) Y(τ) ∀τ > 0, (2.29)
where y(τ) is arbitrary solution of the Cauchy problem (2.23), (2.24).
Lemma 2.4. Let Y(τ) be an arbitrary solution of the Cauchy problem (2.28). Then there exists a
function τ¯ (r) < ∞ ∀r > 0 such that Y(τ) 0 ∀τ > τ¯ (y0).
Let us consider the following additional ordinary differential equations (ODE):







, i = 0,1,2, (2.30)
or equivalently,










Let us define the following subdomains Ωi , i = 0,1,2,
Ω0 =
{



















It is easy to see that
Ω0 ∪Ω1 ∪Ω2 =R2+.
Due to (2.28), (2.30), (2.31) it is easy to see that arbitrary solution Y(τ) of the problem (2.28)
has the following structure:
Y(τ) = {Yi(τ ) ∀(τ, Y ) ∈ Ωi, i = 0,1,2}, (2.32)
where Yi(τ ) is solution of Eq. (2.30) (or (2.31)). It is easy to check that
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{



























Therefore the solution Y(τ) of the Cauchy problem (2.28) is dominated by the following curve:
Y˜ (τ ) =
⎧⎨⎩
y0, if 0 τ  τ ′,
Y˜2(τ ), if τ ′  τ  τ ′′,
Y˜1(τ ), if τ ′′  τ  τ ′′′,
(2.33)
where τ ′ is defined by equality











Y˜2(τ ) is the solution of the Cauchy problem







′) = y0, (2.35)
τ ′′ is defined by the equality
Y˜2(τ





Finally, Y˜1(τ ) is the solution of the Cauchy problem







′′) = Y˜2(τ ′′), (2.37)


















































θ1 − θ2 = 2
)
. (2.39)
We will say that a(τ) ≈ b(τ), if there exists constant C, which does not depend on τ , such that
0 < C−1a(τ) b(τ) Ca(τ) ∀τ : 0 < τ < τ0.
Due to condition (1.6) it follows easily too:
(2 + δ) τ
3
ω(τ)
 s′(τ ) 4τ
3
ω(τ)
∀τ > 0. (2.40)












≈ τ 6ω(τ)−2 exp
(
− (1 − θ2)ω(τ)
τ 2
)
≈ a(τ)1−θ2(s′(τ ))2 ∀τ : 0 < τ < τ0 < ∞. (2.41)




























































≈ s′(τ )2a(τ)1−θ2 ∀τ > 0, (2.45)






a(r)1−θ1 dr if τ → 0.
Therefore due to (2.44) the following inequalities are sufficient conditions for τ ′′′:
a(τ ′′′)1−θ2s′(τ ′′′)2  c3Y˜2(τ ′′)
(1−θ2)(1−q)
2 , τ ′′′ > 2τ ′′.
Finally, by virtue of (2.38) we obtain the following unique sufficient condition which defines τ ′′′:




Condition (2.46) can be rewritten in the form
exp(− (1−θ2)(1−ν)ω(τ ′′′)












with arbitrary 1 > ν > 0. It is obviously, that the following is a sufficient condition for (2.47)
exp
(















, c7 = c7(c6, ν,ω0), ω0 is from (A3). (2.48)






)−1 ∀r > 0. (2.49)
Proof of Theorem 1.1. Due to Lemma A.3 from Appendix A we can suppose that
y0  1 and τ¯ (y0) < 1. (2.50)






)= 0 for arbitrary T < ∞.
Therefore our solution u(x, t) has the following property:
u(x, t) ≡ 0 ∀(x, t) ∈ {|x| τ1, t  s(τ1)}, τ1 = τ¯ (y0). (2.51)





∣∣u(x, t)∣∣2 dx + ∫
Ω
(∣∣∇xu(x, t)∣∣2 + a0(x)|u|q+1)dx  0 ∀t ∈ (s(τ1), T ). (2.52)
Due to (2.51) and the Poincaré inequality it follows from (2.52)
H ′(t)+ c¯
τ 21
H(t) 0 ∀t > s(τ1), c¯ = const > 0, (2.53)
where H(t) := H(t,0), H(t, τ ) is defined by (2.9), constant c¯ > 0 does not depend on t . Inte-

























∀t > 0. (2.54)






= y1+γ0 ⇐⇒ t1 =
γ lny−10
c¯
τ 21 , γ = const > 0. (2.55)
Due to (2.49) from (2.55) it follows that







)= ∫ ∣∣u(x, t1 + s(τ1))∣∣2 dx  y1+γ0 , γ > 0. (2.57)
Ω
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boundary problem (1.1) in the domain Ω × (t1 + s(τ1),∞) with initial data (2.57) instead of
(2.2). Repeating all previous computations we deduce the following analogue of estimate (2.57)
H
(





where as in (2.49) and (2.55)















Analogously to (2.56) we have also








Now using estimate (2.58) as a starting point for next round of computations we find τ3, t3 and





















Due to condition (A3) it follows from (2.62):
τ 2i 
c7ω0(lny−10 )−1
(1 + γ )i−1 .
From definition (2.21) of function s(τ ) due to condition (1.6) it follows the estimate
s(τ ) τ 20 ω(τ0)−1τ 2 ∀τ0 > 0, ∀τ > 0.
Therefore inequality (2.62) yields
∞∑
i=1
s(τi) < c˜ < ∞. (2.63)
Obviously, we have also: ti = γ c7c¯ ω(τi). Therefore, due to (2.62) we have
j∑










, (2.64)i=1 i=1 i=1
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c¯
, C1 = ( c7ω0lny−10 (1+γ ) )
1/2












ds < c < ∞ ∀j ∈N. (2.65)
From (2.61) due to (2.63), (2.65) and condition (1.5) it follows that







which completes the proof of Theorem 1.1. 
3. Dini condition (1.5) of extinction in finite time via semi-classical limit of Schrödinger
operator














We define r(z) = a−1(z) or equivalently z = a(r(z)) and ρ(z) = z(r(z))2 for z small enough.
We will use the following technical statement.
Lemma 3.1. (See [5, Corollaries 2.23, 2.31].) Under assumptions (A1)–(A3) and (1.8), there






Our main starting point in the proof of Proposition 1.3 is the following
Theorem A. (See [2, Theorem 2.2].) Under assumptions (A1)–(A3), if there exists a decreasing















then problem (1.1) satisfies the TCS-property.
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zero.
Lemma 3.2. Under assumptions (A1)–(A3) with (1.7) there holds
s





















for arbitrary α > 0, for all s > 0 small enough.






























Starting with r > 0 small enough, we have from (1.7) the relationship r2−δ  ω(r)  ω0 and










































































































By an easy calculation, we have (3.2).




















































⇐⇒ ρ(z) z1+α ⇒ ρ−1(s) s 11+α . (3.5)















and due to (3.5),
s















since ω is a nondecreasing function.
































which completes the proof.
















dx < +∞. (3.7)


















































































































then all the solutions of (1.1) vanish in a finite time.
The main point is the sequence (αn). In [2], they set αn = 2−n. A better choice is αn = n−Kn
for some K > 0 since ln(ln( 1
αn
)) ∼ ln( αn
αn+1 ) which leads to (3.6).













































which completes the proof of Proposition 1.3.
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Appendix A
Lemma A.1. Let the nonnegative nondecreasing function ω(s), s  0, satisfy condition (1.6).













as τ → 0. (A.1)





























[I1 + I2 + I3]. (A.2)
Integrating condition (1.6) we get
ω(s) s2−δ ∀s ∈ (0, s0), (A.3)
and, as a consequence, ω(s)
s2
→ ∞ as s → 0. Now due to (1.6) it follows that
I3  |I1|, I3  |I2| as s → 0.
Therefore, integrating (A.2) we obtain (A.1).
Lemma A.2. Let Ω be a domain from problem (1.1), let Ω0 be a subdomain of Ω: Ω0 ⊂ Ω .














∀v ∈ W 12 (Ω), (A.4)
where λ: 1 < λ 2, positive constants c1, c2 does not depend on v.















∀v ∈ W 12 (Ω). (A.5)















Let Ω ′0 be a subdomain of Ω0 such that Ω ′0 ⊂ Ω0. Let ξ(x) 0 be C1-smooth function such that
ξ(x) = 0 ∀x ∈ Ω ′0, ξ(x) = 1 ∀x ∈ Ω \Ω0. (A.7)



































From (A.5) due to (A.6)–(A.8) one obtains (A.4). Lemma A.2 is proved.
Lemma A.3. Let u(x, t) be an arbitrary energy solution of problem (1.1). Then H(t) =∫
Ω
|u(x, t)|2 dx → 0 as t → ∞.
It is clear that there exists a constant a0 > 0 and a subdomain Ω0 ⊂ Ω such that a(x) a0 > 0





∣∣u(x, t)∣∣2 dx + ∫
Ω
∣∣∇xu(x, t)∣∣2 dx + a0 ∫
Ω0
∣∣u(x, t)∣∣q+1 dx  0. (A.9)




|u|2 dx  εc1
∫
Ω





1+q ∀ε > 0. (A.10)





∣∣u(x, t)∣∣2 dx + ε ∫
Ω













From (A.9) it follows that
∫
Ω
∣∣u(x, t)∣∣1+q dx  (mesΩ) 1−q2 (∫
Ω







= (mesΩ) 1−q2 y
q+1
2
0 = C˜ = const ∀t > 0. (A.12)




∣∣u(x, t)∣∣q+1 dx − c2ε(∫
Ω0




∣∣u(x, t)∣∣q+1 dx(a0 − c2ε(∫
Ω0




∣∣u(x, t)∣∣q+1 dx(a0 − c2εC˜ 1−q1+q ) 0 (A.13)











∣∣u(x, t)∣∣2 dx + ε ∫
Ω
∣∣u(x, t)∣∣2 dx  0 ∀t > 0.
The last inequality implies the assertion of Lemma A.3.
86 Y. Belaud, A. Shishkov / J. Differential Equations 238 (2007) 64–86References
[1] V.A. Kondratiev, L. Véron, Asymptotic behaviour of solutions of some nonlinear parabolic or elliptic equations,
Asymptot. Anal. 14 (1997) 117–156.
[2] Y. Belaud, B. Helffer, L. Véron, Long-time vanishing properties of solutions of sublinear parabolic equations and
semi-classical limit of Schrödinger operator, Ann. Inst. H. Poincaré Anal. Non Linéaire 18 (1) (2001) 43–68.
[3] A.E. Shishkov, Dead cores and instantaneous compactification of the supports of energy solutions of quasilinear
parabolic equations of arbitrary order, Sb. Math. 190 (12) (1999) 1843–1869.
[4] A.E. Shishkov, A.G. Shchelkov, Dynamics of the support of energy solutions of mixed problems for quasi-linear
parabolic equations of arbitrary order, Izv. Math.: Ser. Mat. 62 (3) (1998) 601–626.
[5] Y. Belaud, Asymptotic estimates for a variational problem involving a quasilinear operator in the semi-classical
limit, Ann. Global Anal. Geom. 26 (2004) 271–313.
[6] M. Cwickel, Weak type estimates for singular value and the number of bound states of Schrödinger operator, Ann.
of Math. 106 (1977) 93–100.
[7] J.I. Diaz, L. Véron, Local vanishing properties of solutions of elliptic and parabolic quasilinear equations, Trans.
Amer. Math. Soc. 290 (2) (1985) 787–814.
[8] J.-L. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod Gauthier–Villars,
1969.
[9] B. Helffer, Semi-Classical Analysis for the Schrödinger Operator and Applications, Lecture Notes in Math.,
vol. 1336, Springer-Verlag, 1989.
[10] E.H. Lieb, W. Thirring, Inequalities for the Moments of the Eigenvalues of the Schrödinger Hamiltonian and Their
Relations to Sobolev Inequalities, Essay in Honor of V. Bargmann, Studies in Math. Phys., Princeton Univ. Press,
1976.
[11] G.V. Rosenblyum, Distribution of the discrete spectrum of singular differential operators, Dokl. Akad. Nauk
USSR 202 (1972) 1012–1015.
